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' Abstract 

! Using extended Schwinger's quantization approach quantum mechanics on a Rieman- 

(N ■ nian manifold M with a given action of an intransitive group of isometries is developed. 

' It was shown that quantum mechanics can be determined unequivocally only on subman- 

, ifolds of M where G acts simply transitively (orbits of G-action). The remaining part 

I of degrees of freedom can be described unequivocally after introducing some additional 

• assumptions. Being logically unmotivated, these assumptions are similar to canonical 

Oh. quantization postulates. Besides this ambiguity that has a geometrical nature there is 

(— I I undetermined gauge field of h (or higher) order, vanishing in the classical limit h ^ 0. 

X 1 Introduction 

The purpose of the present paper is to continue a series of our works devoted to a generahzation 
of Schwinger's quantization approach for the case of a Riemannian manifold with a group 
structure (determined by its metric). 

In this paper we turn to the most problematic case (in physical meaning) of the formulation 
of quantum mechanics on a Riemannian manifold M with the intransitive group of isometries 
G. Partially our consideration is based on our previous results 0, p. But, in contradiction 
to them, the main feature of the present paper is the fact that the dimension of the manifold 
M is bigger then the dimension of the group of isometries G. This leads to the decomposition 
of degrees of freedom describing a point particle on M into two sets, related to the group 
G and to the quotient space M/G. The last manifold has not a global group structure in 
a general case. Due to this reason it happens that the quantum mechanics is completely 
defined only on submanifolds of M, which are isomorphic to G (the orbits of action of G on 
M). The dynamical equations for the other degrees of freedom, connected with M/G, can 
be unequivocally determined after introducing some new assumptions expanding Schwinger's 
scheme from outside, that are similar to canonical quantization postulates and can not be 
motivated logically. Nevertheless, having introduces them, we find that in quantum mechanics 
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there is an abelian gauge field of h (or higher) order, that remains undetermined and vanishes 
in the classical limit h ^ 0. 

2 Structure of Manifold with Non-transitive Group of 
Isometries 

Let us consider p-dimensional Riemannian manifold M equipped with the metric {rjMN '■ 
M,N = l,p} in which the action of n-dimensional intransitive group of isometries G is given 
[n < p). This means, according to that the Killing equations 

v^dpr]MN + VmpOnv^ + VpnOmv^ = (2.1) 

have n independent solutions {v^ : N = l,p] A = l,n}. 

The set of vector fields {v^Om '■ A = l,n} describes the representation of the Lie algebra 
Lie {G) of the Lie Group G acting on M. Due to this fact each the vector from this set obeys 
the equation 

<9^< - = G'^ABV^' , (2.2) 

where ab are the structure constants of G. This equality provides the following equation to 
have m = p — n independent solutions 

v^dN^ix) = 0. (2.3) 
Let us consider a new coordinate system 

:= (<^"(x),a;'^) (2.4) 

N = l,p, a = l,m, fi = m+l,p 

where {ip°'{x) : a = l,m} denote independent solutions of ( |2.3| ). In these coordinates the 
Killing vectors take the form: 

T;1 = «^9^V.", <) = (0,<). (2.5) 

Further we will assume that such a coordinate system denoted by {x^} on M is given and 
all the geometrical objects are expressed in terms of it. The Killing vector can be rewritten as 

= « , (2.6) 

where the group index i = m + 1, p is used instead of A = 1, n (the indices i, j, k, ... play the 
same role as A, B, G , . . .). 

We introduce the inverse of the matrix {t>f : = m + l,p, i = m + l,p} a.s 

^>' = ^)^ ^>\ = ^l- (2-7) 

Using ( p.2|) , (|2.6|) , ( ^J|) one can prove that the matrix {e^ obeys the Maurer-Cartan 
equation 

- 9.e; = -C^.e^^e^ . (2.8) 
It is easy to obtain the following equations by differentiating 
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(2.9) 

Duel = dMe^,-Alj,el = 



where the object 



A''M. = v^dMel (2.10) 

corresponds to the right group connection on M (see [|l|). 

Using (|2.7[), (|2.8|) one can easily prove the following property of A'^j^: 

A;,-K, = -q,v'[e^4. (2.11) 

Using the relations obtained above we can write down the functional features of the metric 
in the special coordinate system, described by ( p.4| ). To do it we transform the Killing equation 
(pTTp into new coordinate description: 

d^Vau = Va.A^^-VuaA'^a,, (2-12) 

^^,Vap = rj^uA^p^ + rip^A"^^. 



The matrix {r/^j, : /i, z/ = m + l,p} have the sense of the metric on the orbit of the action of 
G on M, that is isomorphic to G. 

Making an assumption that {7]^,^} is non-degenerate matrix we introduce the following 
objects: 

A^^ = g^''r^^,, 9'"'Vua = 5!^. (2.13) 

Then r]a^ = g^yA"^ and 



= + A;:.A^ = A^^ , (2.14) 



as it follows from ( |2.12| ). 



Due to ( p.l3| ), ( p.l4|) the second equation in ( |2.12|) is equivalent to 



d,{r]^p-g,,A>;^A''^) = 0. (2.15) 

Hence, the matrix 

gai3 = r]ai3 - g^..A'^A'i (2.16) 



depends only on coordinates {x" : a = l,m} and is independent on {x^ : n = m+ l,p}. The 
metric tensor {tjmn}, describing the manifold M can be rewritten in terms of objects (7^,^, A'^, 
gap as follows 

r„ 1 — ( 3a(5 + QpaA'^^A'p gf^pA'l^ \ (0 ^7\ 



-g^-'A^p g^^^ + g^'Ai^^A^, 



VI i — \ AV „uv I All AV ■ 
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This decomposition is similar to Kaluza-Klein one. In ( |2.18| ) {g°'^} denotes the inverse of 
{dais}- If {vmn} and {gfj.u} are non-degenerate matrices the matrix {(7"^} exists due to the 
following property 

det {r]MN} = det {gap} ■ det {g^u} 
The functional properties of the metric ( p.l7|) are determined by the following equations 

df,gai3 = 

dpg^,, = gf,^A;^ + g,^A% (2.19) 

By its written form, the matrices ( p.l7| ), (|2.18|) correspond to analogous ones in but 
their meaning is different. 

From the geometrical point of view the construction we are considering corresponds to the 
principal bundle with a total space M, a base space M/G and a structure group G. The 
coordinates from the set {x^} = describes the local coordinate system in M/G, 

the matrix {gap} — the metric tensor of M/G. 

The projection map of the principal bundle {M/G) (M, G) has the form 

p: M — > M/G 
{x°',x^'} — > {a;"}. 

The vector fields 

A = v^dp , Da = da- A^^d, (2.20) 
form the bases of vertical and horizontal fields correspondingly. One can observe it from 

dp(A|{a:«,xA'}) = , dp{Da\{x",xi^}) = da\{x"} ■ (2-21) 

The objects {Aq} defined above correspond to the Lie (G')-valued connection 1-form on M: 

cj* = e;(da;^ + A;^dx°) . (2.22) 

Now we write down some useful relations for the Riemannian geometry on M, which describe 
its features explicitly. 

Let Va be a standard covariant derivative constructed with the metric {gap}- Define the 
operator on M/ G that generalize the operator as 

^aBp = DaBp — VapBy (2.23) 

for some vector field Ba on M/G depending on coordinates {x^}. Then 

[V„, \/p]B^ = [Da, bp]B^ - R'ap-yBs , (2.24) 

where R^ap-r is the curvature tensor for the metric gap- 

The explicit expression for the commutator [Da, Dp] can be obtained from its action on a 
scalar function f{x°',x^). Performing the simple calculation we can observe that 

[Da, Dp]f = -{daA'; - dpA^JdJ + {A^ad.A^p - A^pd,Al)d,f . (2.25) 
Using ( pT9|) in ( ^12^ ): 
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(2.26) 



where 



Due to ( p.26| ), ( p.27| ) the expression ( |2.25| ) can be rewritten as 



(2.27) 



:2.28) 



^,-d^A^,-d,A^, + C^,,AiA^,. (2.29) 

Observing ( p.28|) -( ^l29D we can draw a conclusion that the objects {A^^} can be interpreted as 
gauge fields defined on M/G with the strength tensor F^^. 
The other relations between the basic fields have the form 



0, 



At the end of this section we consider classes of coordinate transformations — ^ pre- 



serving the form of the metric (|2.17| )- (|2.18| ) and its functional structure. Evidently, one such a 
class consists of coordinate transformations on the orbit of the action of G: 



(2.30) 



\ X = X 

Under such a transformation g^^, A'^ behave as a tensor and a covariant vector correspond- 
ingly (the geometric properties are described by /i, i^, . . . ). In the same time gap transforms as 
a scalar. 

The coordinate change on M/G 



X" 

x^ 



x°(a;^) 
x^ 



(2.31) 



is of the same class. 

The objects gap-, transform as a tensor and a contravariant vector correspondingly (the 
geometric properties are described by a, /3, . . . ), while gap transforms as a scalar. 
The third class of transformations is described by 



x^ 



X 



The main geometrical objects transform under ( |2.32| ) as 



(2.32) 



An arbitrary vector Fm on M can be decomposed into two objects that are invariant under the 
transformation (|2.32|) : 



T = F - A^F T = F 
This decomposition means the extraction of the horizontal part of Fm- 
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3 Lagrangian and Variational Principle 



Constructing the quantum mechanics on a Riemannian manifold M with the non-transitive 
group of isometrics G in terms of variational principle, as in our previous papers, we assume 
that the coordinate operators x*^ form the total set of commuting observables. 
The quantum Lagrangian can be written as 

L = ^x^r]MN{x)x^ - Uq{x) , (3.33) 

where Uq{x) is some function that provides the scalar transformation law of L under a general 
non-degenerate coordinate transformation x — x = x(x) (see 0, [Q). As it has been pointed 
out in 0, its explicit expression can be determined in the case when the commutator [x^^,x^] 
is the function of only {x*^}. This is a standard assumption in the formulation of the quantum 
mechanics on a Riemannian manifold (see |Q and motivation in 0). The function Uq appears 
as the value of ^^-order. 

In the special coordinate system, introduced in (^.4]), the metric tensor {timn} receives the 
form that is similar to one appearing in Kaluza-Klein theories. The Lagrangian can be written 
as 

L = ^ (x^ + xM^) g^, (x- + A^x^) + h^g^px^ - f/,(x) . (3.34) 

The Euler-Lagrange dynamical equations, according to 0, can be derived from the action 
principle in the form of the variational equation 5L = 0, that corresponds to the infinitesimal 
coordinate variation x*^ x*'^ + Sx^\x). 

As it has been developed in 0, the equality SL = holds if and only if the variations 
Sx^ are Killing vectors. In the present case, in contradiction to one investigated in and 
the dimension of the manifold M is less than the number of linear independent Killing vectors 
{vf : M = Tj),A = T~n} (i.e. n < p). 

Extracting the total time derivative, as in [0], we can rewrite the Lagrangian as 



6L = j^ (pM o 5x^') -PMo5x'' + h^' {Sx^'dpriMN) x^ -5x^^9Mf/, + ^ 

where pu = Vmn ° i'^ means the momentum operator on M. 
In accordance with 0, the object 



5x^^ — ^ 



N 

X , r]MN 



(3.35) 



G = pM o 5x'^' (3.36) 

have the sense of the generator of permissible variations. 

Further we decompose the variation 5x^ in terms of the basis of linear independent Killing 
vectors ( |2.6| ): 

Sx^ = vfe' , = const , (3.37) 
This allow us to rewrite ( p.36| ) as 



G = [pm o v^) Si = Pis' , Pi := PM o vf" . (3.38) 
In the special coordinate system ( p.4| ) the objects {pi} have the form 



Pi=Pfi° v1 , p^ = r]^M o x*^ = g^,^ o {x" + A^^o x") . (3.39) 
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4 Algebra of Commutation Relations 



Following the procedure presented in 0, we derive the commutation relations for quantum 
theory on M performing investigation of the properties of permissible variations connected 
with action of the group G of isometries on M. From the definition of permissible variations 
in terms of the representation of G on M (in the special coordinate system) we have 



1 

ih 



(4.40) 



in 



(4.41) 



(here 5x^ = e^6ix'^). Using the assumption about the commutativity of the coordinates {x'^^} 
and taking into account the fact that the matrix {ff } is non-degenerate (i.e. det 7^ 0), we 
can conclude from ( |4.40| ), ( |4.41| ) that 



[x^p,] = ^M^ K,p^] = 0.: (4.42) 

The variation of the arbitrary function / which depends on the coordinates {x^} can be defined 
as follows 



6if{x) = v'^d^fix) = -^[f^P^ ■ 



Hence 



(4.43) 



The variations of the velocity operators are 



dt 



X^'odMv'; = -[x^,Pi], 

in 



(4.44) 



(4.45) 



(4.46) 



Using ( |3.38| ), ( p.39| ) we can express the velocity operators {x'^} in ( [4. 451) in terms of the 
momentum operators {Pfi}- Finally, we have 



[Pf^,Pi\ = -ihpuodf^Vi . 



(4.47) 



The commutator ( 4.47 ) can be presented in another form, taking into account (|2 



[Pi,Pj] = -ihC'ikPk ■ 
Similarly, due to ( p.2| ) and ( |4.44| ), we can write 



(4.48) 



W,P.]=0- (4.49) 

The commutators ( [4.42| ), ( |4.44| ), ( [4.48| ) and ( [4.49| ) completely define quantum mechanics on the 
orbit of the action of G on M, that has been analyzed in [^. 

Further, returning to the manifold M/G, we define the momentum operator 
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Pa = rjaM o (4.50) 

and the auxiliary operator 

TTa = 9aP O = - O . (4.51) 

Due to d^Qap = 0, the objects and vr^ are connected by the following commutation relations 

bo, Pi] = o daVi , [na,Pi] = . (4.52) 

These are all the commutators which can be obtained immediately from the generator of 
permissible variations ( 3.38|) . Note, that presented above commutation relations are form- 
invariant under a general coordinate transformation x'^ —>■ x^' = x^{x). The derivation of 
the remaining commutators requires the usage of operator equalities and introducing some 
additional assumptions. 

It follows from the basic assumptions that the commutator between coordinate and momen- 
tum operators on M is the function of only {x^}, i.e. 

[x'',pN]=tnB'J{x). (4.53) 

Due to the commutation relations obtained above the parts of the matrix B is already defined, 
namely B^'^ = 5*^. Then we can write 

where the unknown functions B'^, B^ can be written in the following form motivated by the 
correspondence principle 

5^ = 5^ + 6^, i?^^ = 6^ (4.55) 



The new unknown objects b'^ and 6^ in ( 4.54 ) are the functions of x of (or higher) order. To 
derive their operator properties we can use the commutator of the structure equation 

v^d,v^-vpX = C\A (4.56) 
with the momentum operator p^- Using the relation 

[vt,Pj]=thb,v't (4.57) 
(the "long derivative" Di was introduced in (|2.2CI| ), (|2.21| )) we can rewrite (|4.56|) as 

K,p,]-[v^,p.] = -C^X- (4-58) 
Therefore, using the Jacobi identity, we arrive to the following operator equality 

[K, Pj] , Pa] = -h'^d^v'tdaVj + ihDj [t;f , p„] . (4.59) 

Further, taking the antisymmetrization of ( [4.59| ) with respect to the indices i, j we can find 
the equation 
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where we introduce the unknown function of coordinates defined as 



[AM] 



Taking into account the structure of the operator Di we can conclude that the solution of ( |4.6CI| ) 
has the form 



(4.62) 



where is a new unknown function of {x } 



Making the substitution pi 



into ( |4.52| ) we obtain 



[Pa.Pf,] = ihd^^l o . (4.63) 

Now we are going to show the relation between the objects and B'^. To do it let us write 
down the Jacobi identities including the coordinate operators x^'^ and momentum operators pa, 



ih 



ih 



(4.64) 



[p^,p,]] = = ^ {[[x^,Pa],Pu] - [[x^,P.lPa]) = ifld^B^ . (4.65) 

From ( [4. 641 ) we can draw a conclusion about the independence of (and, in consequence, b*^) 
on x^, because 



(4.66) 



At the same time, it follows from (|4.65| ) that the differential connection between (p^^ and Bj^ 
(and, in consequence, 6^) is 

d.cp^, = d,B: = d,B: . (4.67) 

The object appears in all the formulae we deal with under the derivative operator 9^. 
Hence, using ( [4.67|) we can identify y?^ with b^, i.e. take 



Due to the structure equation the commutator for t>f and Pa reads 

1 



ih 



On the other hand, in accordance with ( f4.53| ), this commutator is equal to 

1 



ih 



(4.68) 



(4.69) 



(4.70) 



By comparing the equations ( |4.69| ) and ( [4.70| ) we obtain the equation for the objects }: 



^f^A/fe^i-C^f = 0, d^b 



0, 



(4.71) 



This equation has the transparent geometrical meaning. In accordance with [Q, the object 
{b^} determines vector fields on M, that generate the one-parametric group of coordinate 
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transformations, commuting with isometries (isometric transformations). In a general case 
these transformations does not form the representation of an p — n-dimensional group. 

As the solutions of ( 4.71| ), the objects are not determined unequivocally. If denotes the 
solution of ( [4.71|) , its linear combination 



rhl , 



also obeys the equation (|4.71|) for arbitrary functions e^^ = e^{x"' 
Therefore, the remaining commutation relations are 



(4.72) 



(4.73) 



where b^^ obeys the equation ( ^4.71| ). 

In order to construct the self-contained algebra of commutation relations for quantum me- 
chanics on M we have to obtain the explicit form of [pa,Pi3]- In a general case we can write 



[Pa^Pfs] = (F^'aP ° PM + Vap) > 



(4.74) 



where fafs are unknown tensors of coordinates on M. To determine these objects we 

use the Jacobi identities for operators x"", p^, p-y and x'^, Pa, Pp- After simple calculation we 
find that 



(4.75) 



-r a/3 -t- O^J^olP 



[b^OmB^ - BfduB^^ 



(4.76) 



?M 



These equations allow us to define as a function of B^ 

To investigate the functional properties of the object f^apix) it is convenient to introduce 
the following operators 



Pa=Pa-K°P^^- (4-77) 

According (4.74), the operators (4.77) satisfy the following commutation relations 



[Pa, Pm] = , [Pa, Pp] = {F^'aP O P^ + 'fap) ■ 



From the relations 



(4.78) 



[Pf^^ [Pa^Pp]] =0, 
obtained from ([4.77|) , ( |4.78| ) we can conclude that 



d^.F\f, 



0, 



(4.79) 



df^^ap = , (4.80) 

i. e. (fa/s are the functions only of the coordinates on the quotient space M/ G. 

The further development of a theory can be performed only due to additional assumptions 
about the structure of the matrix BfJ , that cannot be described in terms of the basic principles, 
having made a base of our quantization scheme. 
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Let has the simplest form = 6fJ . In this it follows from obtained above, 

the quantum mechanics is described by 



[x'^^ , pj^] = ihd'^!} , [x^' ,x'']= ihr]'''''' . (4.81) 

The relations ([4.81|) can be divided into two parts. The first one corresponds to quantum 
mechanics on the orbit, 

[x^,p,] = ihSi: , [x^, = , [p^,p,] = , (4.82) 
While the second one describes the quantum mechanics on the quotient space M/ G: 

[x^ x^] = , [x", Tip] = ih51 , K, TTf,] = th {p^ o F^,^ + ^^f,) . (4.83) 



The remaining commutation relations, containing in ( [4.81| ) have the form 

[x", x^] = , [vra,P/.] = -ihdf.A"^ o p 



'V 1 



(4.84) 

[x^ TT J = -zM;^ , [X°,p^] = 0. 

It is essential, that the features of quantum mechanics on MjG depend on the tensor 
^afii which cannot be determined i our quantization scheme. This object can be viewed as the 
strength tensor of some abelian gauge field. To show this, we have to take into account that 



the commutator ([4.74| ) can be rewritten in the simpler form due to the restriction B^ = 6f^ , 
namely 

[Pa,Pf3] = ihipcp{x^) . (4.85) 



Using (|4.85|) we find from the Jacobi identities for the operators pa, Pp, p-y that ipap obeys the 
relation 

da^P'y + dfS^Pja + d^ifaf} = . (4.86) 

Then, the evident solution of ( [4. 861 ) is 



iPalB = daAp - dpAa , (4.87) 
where Aa is some unknown abelian gauge field. 

5 Quantum Lagrangian on M 

Following we introduce the following operator as the Lagrangian of a point particle with the 
unit mass 

L{x,x) ■.= ^{x,x) = ^{p,p) . (5.88) 

Here (■ , ■) means the scalar product on M that is invariant under a general coordinate trans- 
formation X —>■ x{x). Its constructing has been detally discussed in |^. In the present paper 
we modify this definition for the case 

[x^',PN]=thB^{x), (5.89) 
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where ^ 6^ . One can simply show that B^^ is the tensor field on M (and, consequently, 
= B^ - Sff is the tensor field too). 

Under a general coordinate transformation x —>■ x{x) on M the momentum operator trans- 
forms as 

1 ih 
Pm Am °Pn = aMPN + 2 [p^V'^m] = o-mPn - -jidNa'^i + b^dpa^) , (5.90) 

Pm a^j opN= pNaM - ^[Pn, a^] = PNaM + y (^tvcim + bM^paM) , (5.91) 

Taking into account the transformation law of the Christoffel symbols ^mn^ constructed 
with the metric rjMN, we can write down the derivatives of the transformation matrices as 

dN^^i = Tm + a'^f'^N , Tat = T^j^ , (5.92) 

dNttM = ^lm'^n'^s - ^li'^NS ■ (5.93) 

Let us introduce the notation 

Wm = rU&L • (5.94) 
This object transforms under a general coordinate transformation on M as 

Wm = aZWN + h'ldNai, . (5.95) 

Hence, taking into account the transformation laws of pm, and Wm we can define the 
following "left" and "right" parts of the momentum operator 

T^M = PM-—{Tm + Wm), 

T^M = Pm + —{^M + Wm) , 

that transform as 

t _t —AT t — —N 

'^M ~^ T^M = O'M'^N 5 ^A/ TTm = T^NttM ■ 

Following [H we define the scalar norm of the momentum operator pm on M in terms of 
the operators tt]^ and ttm as 

(p,p) = vrMr]^^4- (5.97) 
Using the obtained above, the Lagrangian can be written in the form 

L = l{rr.- ^.A^Jg^'^inl - A>;4) + ^n.g^-^Trl . (5.98) 
In the simplest case BfJ = 6^ we can write it as 

L = lipM - y^m)v''''{Pm + f Fm) = IpMri'^'^PN + ^ [OmT'' + ItmT'') , (5.99) 
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where 



M 



MN 1 



^MN-p 
1 N ■ 



(5.100) 



The further analyzes will be performed in the restriction Bf^ 
the group manifold G: 

Vij = g^luViVj , dMVij = . 
The norm of the momentum operator on G 



(5j)f . Define the metric on 



(5.101^ 



V 



G 



m 



1, P] 



is defined as 



CPIg, V\g) 

From the Killing equations in the form Vm^^^ = it follows that 

dnVA = d^v'X = -r^f^ . 
In the same time we conclude from (|2.10|) that 



Performing a direct calculation, one can obtain that 



1/^ 



Na 



Finally, due to ( |5.104|) , ( ^.lOSj ) the definition (|5.102| ) can be written as 

(^Ig, V\g) 



p,-^^,]9'"'{p, + ^r^ 



i. e. the norm of a group momentum coincides with the double Lagrangian for a free 
on the orbit of G on M. 

Using ( ^.96|) we can transform the Lagrangian into another form 



^Pjg'^Pj + \[P»- Pi^^a - y r„ I g 



Q/3 



Pa — ^aPfJ. + "2" I ' 



(5.102) 

(5.103) 
(5.104) 

(5.105) 

(5.106) 
particle 

(5.107) 



where 



r — r — A^^^ 



So we can rewrite (^.106|) in terms of iTa = Pa — ° Pfj. 



(5.108) 



where 



13 



In order to simplify ( |5.108| ) we have to present the object f2a in the exphcit form. Using 
the structure equation we obtain 



and, consequently, 



where 



(5.109) 



(5.110) 



At 



Further, taking into account ( p.l8| ) and the equality 



(5.111) 



(5.112) 



det {tjab} = det {gaf^} ■ det } , 
we arrive to the final expression for Qa'- 

where 7q, = 7^0/3, 7^/37 denotes the Christoffel symbol constructed with the metric Qa/s of the 
quotient space. 

The formulae ( 5.108 ) and ( |5.112| ) completely determine the final expression for the La- 
grangian for freely moving particle on M in the restriction = 6^ . The first term in ( |5.108| ) 
corresponds to quantum theory on the orbits of the action of G on M, While the second one 
describes the theory on the quotient space M/G. It is essential to point out here that the 
degrees of freedom {x'^} determine the quantum mechanics on M/G by means of the last terms 

in {Kim. 



6 Equations of Motion for Dynamics on Riemannian Man- 
ifold 

In this section we restrict the function to be equal to 5ff . The way of determining the 
dynamical equations of motion describing the particle moving on the manifold with an intran- 
sitive group of isometrics differs from one introduced in only in details. From the condition 
SL = oi permissible variations we find that 

Va ° (pM + ^PlOmV^^^Pn + dMu'^=0, (6.1 13) 

here 

U = ^ (OmT'' + ^FmF*^) (6.114) 

where we have substituted the Lagrangian (|5.99|) . 

Using the condition ff ej, = 0, where {e^ is the inverse of {ff} we obtain the equations of 
motion of the free particle for degrees of freedom connected with the orbits of the action of G 
on M in the following form 
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= -IpmO^V^'^'pn - d^U . (6.115) 

This equation is equivalent to the conservation law pi = for the group momentum p*. 

As to the other degrees of freedom associated with M/G, its dynamical equations in Euler- 
Lagrange form must be equivalent to ones in Heisenberg form 

Pm = \[Pm,H]. (6.116) 

in 



The explicit expression of the Hamiltonian can be obtained by comparison ( |6.115| ) with 



(|6.116|) taking M := /j,. The Hamiltonian operator derived in such a way has the following form 

H = ^PmV^^'pn + U + n,(x") , (6.117) 

where Uq = Uq{x°') is some function that does not appear in (|6.115|) (because dfj^Uq = 0). The 
detail calculation allow us to put Uq = (see the remark below). 
Hence, we can transform (|6.113|) into the following form 

Pm = —PlOmV^^Pn - QmU - (f]^^ o (^^jjv) o PL , (6.118) 

where 

<Pmn = \[pm,Pn] ■ 
in 

The restriction of M to /i reduces (|6.118|) to (|6.115|) , as it must be. 

To prove the fact that ( |6.118| ) is correctly defined, we consider the operator H as the 



generator of time shifts t t = t + St{t), where St{t) are permissible time variations. The 
result of the time variation of L must be in agreement with the equations of motion in Euler- 
Lagrange form ( |6.118 ). 



The time shift causes the following variations of coordinate and velocity operators 

6x = x(t) — x(t) = x{t) , 

d , d6t (6.119) 
ox = —ox — X—— . 
dt dt 

Using the commutation relations we obtain 

[a;*^ = z/ir^^-^^^t , [x^, = [x^^ , (6.120) 

where 

[x^^ i^] = ^n^^'' + z/i/f ^ o , (6.121) 



The variation of the Lagrangian caused only by the time shift appears in the variation of the 
action functional in the following combination 
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6W = j6tLdt, 6tL = 6L + L—. (6.123) 
The expression 6tL reduces to 



.-.I^^. (6.124) 

at 



only due to the commutation relations. 

On the other hand, extracting the total time derivative we obtain 



SL = {H5t) + ^ - (pm - ^PnQmij^^pl - OmU - pn o (f'^M ) o 6x 



N 



(6.125) 



here H means the Hamiltonian. Hence, we can write 



H 



dH 
It 







(6.126) 



after comparing ( 6.124 ) with ( 6.125 ). Note that if we define the Hamiltonian with an additional 
term Mg(x), we obtain after such a comparison that = (otherwise the equation ( |6.124D and 
(|6.125|) are not agreed). Therefore, we can see that the equations ( |6.118|) are consistent with 
other conclusions. 

The equations of motion for degrees of freedom representing the orbits of the action of G on 
M are introduced above (see ( |6.115 )). To write down the other dynamical equations describing 
the motion on M/G it is sufficient to assume M — ^ a G 1, m. In terms of tt^ they are found in 
the form 



/37 



1 / 



+ g''''d^A>^)p,+PMOip^' -D^U 



(6.127) 



The equations ( |6.115|) , (|6.127|) completely describe the motion of a particle on the manifold 
with an intransitive group of motions. It appears that dynamics is decomposed into two parts. 
The first one corresponds to the motion on the orbits of the action of G on M, the equations 
of motion have the form of conservation laws for the group momenta {p, : i = m + l,p}. The 
second one is related to the motion on M/G, where the dynamics of a particle is governed by 
Lorentz-type forces. The first one is caused by non-abelian gauge field A^ with the strength 
F^aiii that has a purely geometrical origin, while the second one is related to the abelian gauge 
field with the strength ^9^/3 and appears due to quantum-mechanical nature of a theory (in 



the classical limit ^ — > this object vanishes). As to terms in ( |6.127| ) with the factor Ti , they 



describes rather the operator orderings in the first terms in the r. h. s. of ( |6.127 ) than the 
features of dynamics. 



16 



7 Hilbert Space of States 

Following the scheme introduced in [§] we chose the set of eigenvectors of coordinate operators 
{x^} as the basis of the Hilbert space for a point particle on M, namely 

x^^ \x') = x'^' \x') . (7.128) 
with the following normalization condition 

{x' \x") = A{x' - x") := -^=6{x' - x") , (7.129) 



where rj{x) = det {riMN{x)). The A-function has the following properties 

f{x')A{x' - x") = f{x")A{x' - x") , (7.130) 

/(x')9;,A(x' - x") = -d',J{x')A{x' - x") , (7.131) 



d'^Hx' - x") = O'm I -j^A{x' - x") I = -Tm{x')A{x' - x") - dliA{x' - x") . (7.132) 



'ri{x') 

In terms of coordinate decomposition x*^ = {x", x^} the equation ( [7. 1321 ) takes the form 



D'^ + D: + T^ix')) A(x' - x") = d'A^^ix')Aix' - x") , (7.133) 



where 



Da — da — ^a^fi ; Ta — Ta ~ ^a-^^ - 



To construct the coordinate representation of the operators describing the quantum mechan- 
ics on M one have to calculate the matrix elements of coordinate and momentum operators 
and pm- 

In order to simplify this task we use previously defined operators 

Pm = {Pa, P^} . Pa ■= Pa-Va, P^ ■= P/. , (7.134) 

that obey the following commutation relations 

[x^^ x^] = , [x*^p^] = th6'J , \j)m,Pn] = . (7.135) 
Using the results of [0] we can write 

(x'|x*^|x") = ihx'^^ {x' \x") , 



{x'\p^j\x") = -tn(d',j + ^TM{x')'^A{x'-x") 
Returning to the operators pm, we find that 



(7.136) 
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{x'\p^\x") = -in{d'^ + h:^{x')^A{x' -x") + ^^{x')A{x' -x"), 

{x'\p,\x") = -^h(^^'^ + ^^^{x')^A{x'-x"), (^-137) 
{x'\x^^\x") = x"*^A(x' - x") . 
Using these expressions we can write the matrix element of the operator vr^ in the form 

{x'\ 7r„ \x") = -ih (^b^ + i(f, - d^A'^S) A(x' - x") + v9,(x')A(x' - x") . (7.138) 

The coordinate representation of the operator A can be constructed in terms of wave func- 
tions ip{x') = {x' 1"^) representing the state by the usual way: 

(i^)(x') := / {x'\A \x") {x" \^) dx" . (7.139) 



Therefore, following we find the representations for the coordinate and momentum operators 
in the following form 

x^^{x') = x'^tPix'), 

Pa^{x') = -ih(^d'^ + ^r^{x')^^{x')+^a{x')^{x'), (7.140) 

p,^{x') = -^n(^'^ + ^T,ix')^^^Jix'). 
The coordinate representation of the Hamiltonian can be obtained in terms of the operators 



namely, 



ih ^ ih 

t^m=Pm-—^m, t^m =Pm + —^m , (7.141) 



H=hMt"'^^N- (7.142) 



Using the decomposition of the coordinates of M we can write 

7r„ = -i/i (<9„ + r„) + , TT^ = -i/i (5^ + r^) , (7.143) 

Trj^ = -ihda + V^a , = -ihd^ . (7.144) 

Hence, the formal part of the formulation of the quantum mechanics on the Riemannian 
manifold with an intransitive group of isometrics is solved. Nevertheless, the other one, that 
contains the meaning and interpretation of these results, requires the special discussion. 

8 Discussion 

We have examined in the present paper and in P| , |^ the generalization of Schwinger's action 
principle for the case of Riemannian manifolds with a group structure, determined by isometric 
transformations. 
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The obtained results show fundamental unity between geometrical properties of a manifold 
M and the algebra of quantum-mechanical operators, describing a point particle on M. The key 
role in the formulation of quantum mechanics is played by geometrical aspects of a symmetry, 
expressed in terms of Killing vectors. These vectors also determine the integrals of motion on 
M and their algebraic properties. 

It appears that a general quantization problem is conditionally reduced into three cases. The 
first one we have considered in 0| is related to the class of manifolds with a simply transitive 
group of isometries. Here the dimension of this group (which coincides with the number of 
Killing vectors) is exactly equals to the dimension of the manifold. The quantum mechanics 
receives its traditional form, investigated in 0], 0. 

The second case contains the investigation of homogeneous manifolds with non-simply tran- 
sitive group of isometries, where the dimension of a group exceeds the dimension of a manifold. 
There appears a non-abelian gauge structure, that is similar to one in Kaluza-Klein theories. 
This structure is related to the isotropy subgroup of G and plays the role of gauge group. 
This case has been analyzed in P]. The obtained results are in accordance with 0, where the 
method of study somewhat differs from ours. 

The remaining third case, analyzed in the present paper, is related to Riemannian manifolds 
with the intransitive group of isometries G. In this case the dimension of the manifold M is 
bigger than the dimension of the group G. From the geometrical point of view M can be 
considered as a total space of the principal fiber bundle with the base space M/G and the 
structure group G. In terms of this construction M can be covered by the set of submanifolds 
(the orbits of G-action) and G acts simply transitively in each of them. Quantum mechanics 
on such a submanifold is developed in 0. The other degrees of freedom, related to the quotient 
space M/G have not uniquely determined dynamics. In order to determine it unequivocally 
we have to assume something new and external in respect to Schwinger's scheme. There are 
two types of arbitrary factors in the formulation of quantum mechanics on M. Some of them 
have geometrical nature (the functions h^), while the others are quantum mechanical objects 
(the abelian gauge field that vanishes when 0). It is important to point out here, that 
the last structure can not be obtained in the framework of canonical quantization procedure, it 
is caused by geometrical properties of the manifold and algebraic relation between geometrical 
objects. 

The formal results of the present paper bring up the more complicated question about its 
interpretation. We suppose that it can be done in the following manner. There are some degrees 
of freedom, describing a quantum system, which have partially undetermined properties (as it 
can be treated in the traditional meaning). The geometry of space is determined by energy- 
momentum of the matter distribution. It is substantiated to search the connection between 
geometrical structures corresponding to undetermined dynamics and forbidden spatial zones for 
the system with discrete energy spectrum (in the manner of "layers" between the Bohr orbits 
in the hydrogen atom). Nevertheless, the question about the interpretation of quantum theory 
on a general Riemannian manifold remains an open one and requires more detailed discussion 
and further development. 

As the logical continuation of our series of papers we thought the generalization of Schwinger's 
quantization approach on the case of a supermanifold, that we are going to present in the forth- 
coming paper. 
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